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The calculating scheme for estimation of ground freezing depth under bare and covered with the snow cover
ground surface on basis of air temperature and snow cover thickness is constructed and the example of calculations
is performed for the site of the meteorological observatory of Lomonosov Moscow State University for winter
periods of 2011/12—2017/18. The comparison of results of estimation scheme and observations indicated good

correspondence.
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IMocTpocHa pacueTHas cxeMa it OIpeaesICHUs TIIyOMHBI IIPOMEP3aHMST MO OTOJICHHOM M TOKPBITOM CHEroM
MOBEPXHOCTBHIO Ha OCHOBE JAHHBIX O TeMIIepaType BO3AyXa M TOJIIMHE CHEXXHOTO MTOKPOBA U MPOU3BEACH IIpUMEpP
pacuerta i Tomanku mMeteoooceparopun MI'Y 3a 3umHue nepuoasl 2011/12—2017/18. Tlpu corocraBieHUN
pe3y/IbTaToOB PacuyeToB U M3MEPEHMIl Ha ILIOIIaaKe MeTeopoiornyeckoi oocepBaropun MI'Y mojydyeHo xopoiiee

COOTBETCTBHUC.

Kiouessie cioBa: CHeXHBIN TTOKPOB, TIpOMEP3aHUe TPyHTa, TeMIlepaTypa BO3myXa.

INTRODUCTION

Thermal regime of winter periods and pecu-
liarities of snow accumulation mostly determine
the thermal regime of underlying grounds and its
freezing depth. According to the known data on
long-term averaged regime of snow accumulation
and seasonal variations of air temperature for the
particular region and on the base of construction
norms the depth of freezing and placement of
underground pipelines are determined. However
variations in the process of intraseasonal snow-
fall deposition, accumulation of snow cover and
seasonal variations of air temperature in relation
to mean values lead to variations of ground tem-
perature, variations of ground freezing depth and
hazards for underground pipelines. Also variations
of absolute values and the dynamics on the ground
freezing depth are important for development of
microbiota and root systems of plants. And more
over, as known, accumulation of snow cover may
lead to thawing of permanently frozen ground,
increase of seasonal thawed layer and disappear-
ance of permafrost, but the absence of snow cover
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may lead to occurrence of permafrost in the zones
of its sporadic presence or absence.

That is why V.A. Kudriavcev [Kudriavcev, 1954]
characterized warming and cooling action of snow
cover on the ground depending on regime of snow
accumulation and on its duration and suggested an
equation for estimation of ground freezing depth
including snow cover thickness, its thermal proper-
ties and amplitude of yearly air temperature oscil-
lations. In the works of A.V. Pavlov [Pavlov, 1966]
snow cover on the ground surface is considered as
additional layer with thermal resistance and this is
used in the formula for ground freeing depth cal-
culations. Modern continuation of these works one
can find in the dissertation of E.E. Machulskaya
[Machulskaya, 2001] and also in the works of for-
eign authors [DeGaetano et al., 2001, Jafarov et al.,
2012].

PROBLEM SETTING

For estimation of role of snow cover in ground
freezing depth variations the calculations of ground
freezing depth on basis of air temperature and snow
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cover thickness under bare and covered with the
snow cover ground surface is performed for the site
of the meteorological observatory of Lomonosov
Moscow State University for winter periods of
2011/12—2017/18. The description of soil and
microclimatic conditions and analysis of ground
freezing depth measurements under bare and cov-
ered with the snow cover ground surface for the site
of the meteorological observatory of Lomonosov
Moscow State University with cryopedometers of
Danilin and Ratomskii for 1955—2013 are presented
in the work of [Korneva, Lokoshchenko, 2015].
In this work the calculations of ground freezing
depth and the comparison of results of calcula-
tion scheme and observations [Environmental and
climate..., 2012—2019] are presented. The estima-
tion of difference of air temperature and covered
with snow soil surface for the territory of Eurasia
is given in general in the work of [Sherstiukov,
Anisimov, 2018].

The calculating scheme for ground freezing for
the case of bare ground is constructed on basis of
two layer media heat conductivity problem (frozen
and thawed ground) with phase transition on the
boundary of frozen and unfrozen ground. For the
case of covered with snow ground the calculating
scheme is constructed on basis of three layer media
heat conductivity problem (snow cover, frozen and
thawed ground) also with the phase transition on
the boundary of frozen and unfrozen ground. Heat
balance equation includes phase transition energy,
inflow of heat from unfrozen ground and outflow
to frozen ground, snow cover and atmosphere. The
heat flux is calculated on basis of Fourier law as
a product of heat conductivity and temperature
gradient. It is supposed, that temperature changes
in each media linearly like in [DeGaetano et al.,
2001]. For snow cover and frozen ground the for-
mula of heat conductivity of two layer media is
used.
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Fig. 1. Temperature distribution in the media, consisting
of snow cover (1), layer of frozen (2) and thawed
ground (3)

Pnc. 1. Pacpenenenune TemiiepaTtypbl B Cpene, COCTOSI-

e u3 cHexkHou Tou (1), ciost mepaiioro (2) u cios
Tayioro rpyHra (3)
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MATHEMATICAL MODELING

The calculations of ground freezing depth under
bare and covered with snow cover ground in winter
period on basis of daily data on air temperature
(and snow thickness and heat conductivity of snow
cover) allows estimating the rate of movement of
ground freezing interface during this winter period.
The rate of movement of ground freezing interface
can be expressed as

Fi=cLV+F, or

dhy/dt=V=(F, — F,)/cL, where

F, — is heat outflow through frozen ground (and
snow cover) from ground freezing interface (W/m?)
into atmosphere;

cLV=cLdhg/dt — heat value for phase transi-
tion in the ground, ¢ — ground moisture con-
tent (1—4 kg/cm*m?), (last value correspond to
full filling of porous by water for light clay with
density 2000 kg/m? and porosity coefficient 0.617
[Trofimov, 2005] and was used in calculations);
L — energy of H,O phase transition (335 kJ/kg),
V= dh,/dt — rate of movement of ground freez-
ing interface (cm/s);

F, — heat outflow for cooling of thawed ground in
front of ground freezing interface (W/m?).

Heat flux is expressed according to Fourier law
by means of temperature gradient and heat con-
ductivity as F=-\ (grad T). In the case of bare
ground surface it can be expressed like:

AT =2 _T;zir
5y

In the case of presence of snow cover the heat
conductivity and heat flux through combination of
two media (snow and frozen ground) according to
[Mikheev, 1977] can be expressed as:

F :_7\‘ AT _AT _]—lur

Ax AstrAxfg hy hf
R I PO

N

F—k

Here 7, — air temperature, A, u Az, — Snow
cover thickness and ground freezing depth, and A
and A, — heat conductivity of snow and frozen
ground and this expression valid also for 4, = 0.
It was supposed, that on the depth of 10 m in
ground there is a point of zero annual temperature
oscillation with temperature value 7; about 7°C
(correspond to annually averaged temperature in

Moscow now). That is why

AT
" ax

T

:}“thg 10—hfg

F =1

Here 1,,, — heat conductivity of thawed ground.
According to [Trofimov, 2005] averaged heat con-
ductivity of the thawed and frozen ground A,,, and
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Fig. 2. Maximal ground freezing depth under bare site
surface of the meteorological observatory of Lomono-
sov Moscow State University for the winter periods of
2011/12-2017/18 (comparison of observed and calcu-
lated data and trend line y = 0,7x + 28,6)

Pnc. 2. PacueTHas u u3MepeHHass MaKCHUMaJlbHasl TIIy-
OMHa TTpOMEP3aHUsI TIO OTKPBITOM MOBEPXHOCTHIO IS

ioanaku Mmeteoobcepsaropun MI'Y 3a 3umHue nepu-
onnl 2011/12—2017/18

Ay, — was assumed to be equal 1.4 and 1.8 W/m °C
correspondingly. Averaged heat conductivity of
snow A, according to the [Pavlov, 1979] was
assumed to be equal 0.18 W/m °C.

The differential scheme he(t, 1) =
= hy(t,) + At V(t,) was constructed by Euler approx-
imation for the equation for the rate of ground

freezing depth. By obtained differential scheme the

Table 1/ Tabavua 1

calculations of ground freezing depth were done
for the winter seasons of 2011/12-2017/18 and the
comparison of obtained results with the observed
data for bare and covered with snow site surface
of the meteorological observatory of Lomonosov
Moscow State University was performed. And this
way the calculations were done with the step-size
of one day. For initial conditions, it was supposed
that frozen ground thickness /4, was equal 0.5 cm.
For each time step (for each day) the rate of move-
ment of freezing interface ¥ and the value frozen
ground thickness /4, for the next day (time-step)
were calculated.

The results of calculations and discussion

The results of calculations of maximal ground
freezing depth for the bare site surface of the
meteorological observatory of Lomonosov Moscow
State University for the winter periods of 2011/12-
2017/18 and theirs comparison with the observed
data are displayed on the Fig. 1 and in table 1 and
indicate general consistency.

From the table 1 one can see, that averaged
difference of calculated and observed maximal
ground freezing depth under bare site surface of the
meteorological observatory of Lomonosov Moscow
State University for the winter periods of 2011/12-
2017/18 is 1.6 cm and under the covered with snow
site surface it is 4 cm. But the main advantage of
the calculating scheme is that it reproduce the
dynamic of the ground freezing process well, so
the example of results of calculations for ground
freezing depth under bare and covered with snow
site surface of the meteorological observatory of

Comparison of calculated and observed maximal ground freezing depth under bare and covered with snow site surface
of the meteorological observatory of Lomonosov Moscow State University for the winter periods of 2011/12-2017/18.

ConocTaBAEHME PACYETHON U U3MEPEHHON MOKCUMOAbBHOWM AYOMHBI NPOMEP3aHNS NOA OTOAEHHOW NOBEPXHOCTbIO
1 MOBEPXHOCTbLIO C €CTeCTBEHHbIM NOKPOBOM AAS NAOLLOAKU MeTeoob6cepsatopum MIY 3a 3MMHMe nepuoAbl

2011/12-2017/18.

o0 7

) . . " Maximal ground freezing depth for the
W|n_ie‘; Maximal ground freezing depth under bare site surface, cm covered with snow site surface, cm
erio
P observed calculated observed calculated
2011/12 120 110 18 10
2012/13 118 120 8 12
2013/14 100 87 18 4
2014/15 95 85 30
2015/16 78 88 25 30
2016/17 100 100 3 7
2017/18 95 105 14 18
Max diff. 13 23
Min diff. -10 -5
Aver. diff. 1,6 4
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Fig. 3. Variations of air temperature and ground freezing depth according to the data of calculations and observa-
tion under bare and covered with snow site surface of the meteorological observatory of Lomonosov Moscow State
University for the winter period 2017/18 (the results of calculations for ground freezing depth for the bare (3) and
covered with snow site surface (5) and theirs comparison with the observed data (2 and 4 correspondingly). Air

temperature (1) and snow cover thickness (6))

Pnc. 3. MismeHeHusT TeMniepaTypbl BO3[ayxa M TJyOMHBI MpoMep3aHusl 1O JaHHBIM PacyeToOB W HAOJIOACHUIA IS
OTKPBITOM M TOKPBITON CHEroM IMOBEPXHOCTU TpyHTa sl MeteoctaHuuu MIY mis 3umHero nepuona 2017/18
(1 — TemmepaTypa Bo3myxa, 2 — HaOmomaeMast 1 3 — pacdyeTHas TIyOrHa IIpoMep3aHMs oA OTKPBITON ITOBEPXHO-
CThIO, 4 — HabmogaeMas U 5 — pacyeTHas TJIyOMHA ITPOMEP3aHUs IO €CTECTBEHHBIM ITOKPOBOM, 6 — TOJIIIMHA

CHEXXHOTO ITOKPOBa)

Lomonosov Moscow State University for the win-
ter period 2017/18 and theirs comparison with the
observed data is displayed on the Fig. 3.

CONCLUSION

Considered in this work method of linear gra-
dients differs from considered before in the clas-
sical book of A.N. Tikhonov and A.A. Samarskii
[ Tikhonov and Samarskii, 1999] (first edition from
1951) or in the works of A.V. Pavlov [Pavlov, 1966]
or presented in the other works method, where for
calculation of seasonal dynamics of ground freez-
ing depth the heat conductivity partial differential
equation of second order for space and first order
for time is used. In this work there is only reduced
ordinary differential equation of first order for time
is used. Solving of this reduced first order ODE is
simpler and could be done within Excel program.

Generally, the averaged ground freezing depth
in Moscow region according to the long-term data
of the observation network (http://ecomos.ru/
kadr22/nowostBlank.asp?fajl = new21.10.09.htm)
reaches 85 cm at normal air temperature and snow
cover accumulation regime. Smaller ground freez-
ing depth on the site of the meteorological observa-
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tory of Lomonosov Moscow State University can
be explained by presence of soil heating by pipelin-
ing in the vicinity of the site [Environmental and
climate..., 2012] and heating effect of town heat
island. Obtained non consistency of calculated and
observed data can also be explained that in heat
balance equation the ground cooling (heating) term
was omitted but only phase transition was consid-
ered. Also the variation of moisture content in the
ground was neglected.

The study was supported by Lomonosov Moscow
State University (grant 1.7 AAAA-A16-116032810093-2
“Mapping, modelling and risk assessment of danger-
ous natural processes”).
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